Chapter 1

Matrices and Systems of
Equations

1.1 System of Linear Equations

Pre-Questions:

Q1: How many unknowns and how many equa-
tions?

Can you solve the system of linear equations by
your high school study?”

201 + 19 =7,
T — 3562 = —2,

Q)2: How many unknowns and how many equa-
tions?

Can you solve the system of linear equations by

1



your high school study?

( 3x1 + 219 — 13 = —2,
(]-> \ Lo = 37
L 2$3 = 4.
( 3$1 + 2(132 — X3 = —2,
(2) ¢ —3z1 — a9+ 23 =5,
3r1 + 2x9 + x3 = 2.

\

We give two new definitions:

A linear equation tn n unknowns is an equa-
tion of the form

a1T1 + asxo + -+ - + ayx, = b

where a1, as, . .., a, and b are real numbers and
x1, T2, ..., T, variables.

A linear system of m equations in n unknowns
is then a system of the form



a11x1 + ajpxs + - - + ay,x, = by,
a911 + A22xo + « - - + a9, T, = by, <1)

L Am1d1 + Am2Xo + -+ F A Typ = by

certainly, we can call (1) as m x n system.
For example, Q1 in pre-question is 2 X 2 system.
Next to go back Q2 in pre-questions,

We calculate (1) and (2) and find out they have
same solution set {(—2,3,2)}

Definition 1.1. T'wo systems of equations in-
volving the same variables are said to be equiv-
alent if they have the same solution set.

Q1: We pick up the Q2(1) to do the following
actions:

(a) Please interchange the first equation and the
second equation, do we change the solution set?

(b) Both sides of the first equation we multiply
by nonzero number 2, do we change the solution
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set”?

(c) Please do the action e;4-e5 %2, then compose
the new system, do we change the solution set?

So we have this three conclusions:

(1) The order in which any two equations are
written may be interchanged.

(2) Both sides of an equation may be multiplied
by the same nonzero real number.

(3) A multiple of one equation may be added to
(or subtracted from) another.

Q2: Please observe this two systems:

( 3x1 + 2x9 + x3 =1,

(1) $ X9 — X3 = 2,

L 233'3 = 4.

(221 — T9 + 3x3 — 224 = 1,

To — 23 + 31y = 2,

(2> ) dag 4 x4 = 3,

L 4£U4 =4

What kind of shape for these two systems?

Definition 1.2. A system is said to be in strict
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triangular form if in the kth equation the
coefficients of the first & — 1 variables are all
zero and the coefficient of x; is nonzero (k =

L,....,n).

03: In Q2(2),
3r1 + 209 — x3 = —2,
—3r1 — To + x3 = D,
3T + 2x9 + x3 = 2.

If we pick up the coefficients of the zs to com-
pose a (3 x 3) array

3 2 -1
-3 —1 1
3 2 1

We refer this array as the coefficient matrixz of
the system.

The term matriz means simply a rectangular
array of numbers. A matrix having m rows and
n columns is said to be m X n matrix.



Definition 1.3. A rectangular array of m X

n scalars a;; (¢ = 1,2,...,m;j = 1,2,...,n)
arranged in m rows and n columns and denotes
by

aip -+ Qin

Am1 " QAmn

is called an (m,n)-matrix, or simply a matrix.
We refer to a;; as an element (or an entry)
in the ¢-th row and j-th column in A.



Table 1.1: Table showing amounts of four kinds of goods needed in three
areas

B, | B, | Bs | B,
Al 1254
Ayl 2131110
Ay | 4| 1|5 ]2

Matrix is very important in our life such as
in economics and finance area. For example,
we can compile the following table showing the
amounts of four kinds of goods By, By, B3 and

B, which are to be shipped to three areas Aj,
AQ and Ag.

For simplicity we can write it as a (3x4)-matrix,

1254
2310
41572

We still go back to look )3, and we will have
the new matrix

3 2 —1: =2

-3 -1 1 : 5

3 2 1 : 2

Next we will study what kind of matrix of this?

We will refer to this new matrix as the aug-
mented matrix.



In general, when an m X r matrix B is attached
to an m X n matrix A in this way, the aug-
mented matrix is denoted by (A|B). Thus if

app ai2 -+ Qin b11 512 T
a21 Q22 -+ Q2 521 522 Tt
A= . " 1,B= .
Am1 Am2 *** Amnp bml bm2 e
then
aip v i by e by
(A|B) =
Am1 = Amp bml e bmfr

With each system of equations we may associate
an augmented matrix of the form

ayp - Gl iob
A=
Am1 *°° Amp bm
Elementary Row Operations

Q1: What’s kind of action we did to A’s rows
in the following three matrices
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001 001

(2)
100 100
A=1010 | =A4=[030
001 001

(3)
100 100
A=1010 | =A4=[010
001 021

Definition 1.4. Let A a matrix of order n,
then we call

(1) interchange any two rows of A
(2) kR; where k # 0
(3) Ri + [R;

as elementary row operations.
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For example,

3 2 —1: =2
-3 -1 1 : 95
3 2 1 ¢ 2

Qa:Please finish these several actions Ry + Ry,
R3 — R1 and what do you find?

So we give the first row as pivotal row because
we find that the first row is used to eliminate
the elements in the first column of the remaining
rows. Certainly, the first nonzero entry in the
pivotal row is called the pivot.

Qb:How did you find the solution set of pre-
question Q2(2)? Please compare with Qa, what
did you find in these two question?

Exercise: Can you find the new technique for
solving this question?

Solve the system

)
—T9 — X3+ x4 = 0,

£U1-|—$‘2—|—333—|—£U4:6,
201 + 4x9 + 13 — 2204 = —1,
31+ L9 — 223+ 224 = 3

N\

\
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1.2 Row Echolon Form

Previously on Class:

New counting technique for solving system of
linear equations:

system of linear equations , strict triangular form
augmented matrix ” new augmented matrix

« back substitution
” back substitution

For example,

Solve the following system:

3x1 + 229+ x3 =0,
—255‘1 + X9 — T3 = 2,
201 — X9 + 223 = —1.

Augmented Matrix:

3 2 1 0 1 3 0
-2 1 -1 2 R1+R§ -2 1 -1
2 —1 2 —1 2 —1 2
1 3 0 : 2 13 0 2
— 10 7 -1 6 — 107 —=1:6
0 -7 2 : =5 00 1 :1
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331+3332 :2,
— Tx9 — x3 = 0,
56321

So (—1,1,1)

Q1: Consider the system represented by the
augmented matrix

11111 1
T
22003 1
0 0 113: 3
\ 1 1 224: 4 )

Please find pivotal row and pivot firstly, then
reduce it one step by one step. what did you
find in this matrix reduction?

At last we get

111_11;1\

00112:0 T1+To+ 23+ 14+ 25 = 1,
00001:3]— T3+ x4 + 225 = 0,
00000:0 Ts = 3.
\00000:0)
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Q2: If we say (4,0,-6,0,3) is a solution of the
system. Does it has only one solution or not?

Give two definitions:

Lead variables: The variables corresponding to
the first nonzero elements in each row of the
augmented matrix will be referred to as lead
variables. So x1, x3, x5 are lead variables.

The remaining variables corresponding to the
columns skipped in the reduction process will
b referred to as free wvariables. For example,
Lo, I4.

Row Echelon Matrix
Definition 1.5. (i) If the first nonzero entry
in each nonzero row is 1.

(ii) If row k does not consist entirely of zeros,
the number of leading zero entries in row k+1 is
greater than the number of leading zero entries
in row k.

(iii) If there are rows whose entries are all zero,
they are below the rows having nonzero entries.
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Example 1.6. Can you pick up all row echelon
form in the following matrices:

142 246 1310 01
013 ],1035],10013 ,(10
001 004 0000

and

b23 000

001 ’(OlO)'

000

Definition 1.7. The process of using row op-
erations (1), (2) and (3) to transform a linear
system into one whose augmented matrix is in
row echelon form is called Gaussian elimi-
nation.

Exercisel:

Please use the new technique (use elementary
row operation to reduce the augmented matrix
to row echelon matrix)you studied to calculate
the following several system.
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)
B r1+2x9 + 23 =1,
jjl—_i_i2:;)7 (2>< 201 — T + 13 = 2,

. +12:c i_—Q’ 41 + 39 + 3x3 = 4,
! 2T . 2$1—l’2+3$3:5.

\

( I‘1—|-2$2—|—$3:1,
201 — X9 + x3 = 2,

4o + 3x9 + 33 = 4,

\ 3r1 + To+ 203 =3

Be careful: how many unknowns and equations
in each question?” How many solutions for each
question?

A linear system is said to be overdetermined it
there are more equations than unknowns.

Clearly, (1) is inconsistent (no solution) and
(2),(3) are consistent (has at least one solu-

tion

).
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Exercise2:
<3>{ x1+ 209+ 213 =1,
211 + 4x9 + 223 = 3.
1+ To+ 23+ x4+ 15 = 2,
(4) r1+ 2o+ x3 + 214 + 2005 = 3,
1131-|—372—|-$3-|—2$4—|—3I‘5 =2

A system of m linear equations in n unknowns
is said to be underdetermined if there are fewer
equations than unknowns(m < n).

Reduced Row Echelon Form
Example 1.8. Please solve the system

—x1+2T9 — 23+ 314 =0,
31+ 19 —x3 — x4 =0,
2331—332—2563—1'4:0

Solution:
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11 -1 3 :0 ~11 -13:0
31 -1-1:0]|—=>| 04-48:0
2 —1 -2 -1:0 0 1 -45:0
—11-13:0 1 -1 1 =3:0

S| 01-12:0]=>101 -1 2 :0
0 0-33:0 00 1 —1:0

[row echelon form]|

Give the continued reduction:

1 -1 1 —=3:0 100 —-1:0
— 101 -1 2 :0]—=10101 :0
0O 0 1 —-1:0 001 —1:0

It is easy to see: suppose x4 = «, then x; =
a,To = —0, T3 = Q.

So we have the solutions (o, —a, a, @)

Definition 1.9. A matrix is said to be in re-
duced row echelon form if:

(i) The matrix is in row echelon form.

(ii) The first nonzero entry in each row is the
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only nonzero entry in its column.

The following matrices are in reduced row ech-
elon form:

The process of using elementary row operations
to transform a matrix into reduced row echelon
form is called Gauss-Jordan reduction.

Exercise3:

Use Gauss-Jordan reduction to solve the sys-
tem:
T1+ 3To + x3 + 14 = 3,
201 — 2x9 + 13+ 224 = 8,
3x1—|—$2—|—2$3—x4: —1

1.3 Matrix Algebra

Matrix Notation

aip ai2 -+ Qin
A — a?1 Aoy -+ QAgp

Am1 Am2 - Qmn
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A is an m X n matrix. We will sometimes
shorten this to A = (a;;). Simliarly, a matrix B
may be referred to as (b;;), a matrix C' as (c¢;),
and so on.

Vectors

2-tuple vector (2,3)
3-tuple vector (3,1,3)
4-tuple vector (2,1,3,4)

n-tuple vector (1,2,3,...,n)

A solution to a system of m linear equations in n
unknowns is an n-tuple of real numbers. we will
refer to an n-tuple of real numbers as a vector.
If n-tuple is represented in terms of a 1 X n
matrix, then we will refer to it as a row vector.
Alternatively, if the n-tuple is represented by an
n x 1 matrix, then we refer it to as a column
vector.

For example, the solution of
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331—|—5172:3,
5131—332:1

can be shown in (2,1) or ( ? ) .
Equality
Definition 1.10. Two m X n matrices A and

B are said to be equal if a;; = b;; for each i
and 7.

Scalar Multiplication

Definition 1.11.If A is a matrix and « is a
scalar, then A is the m x n matrix whose (7, j)
entry 1s aa;;.

For example, if

4 8 2
A_<681O>
then

241 12 24 6
1A — -
34 (345>a“d3A <18 2430)
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Matrix Addition

Definition 1.12. If A = (a;;) and B = (b;;)
are both m x n matrices, then the sum A+ B
1s the m X n matrix whose %, j entry is a;; + b;;
for each ordered pair (i, 7).

For example,

2 12 -2 1 3
A+B=| 431 |+ 4 -31
2 39 I 1 3
0 25
= 80 2
3 48

For example,

A-B= (il _01>—(? _02) B (é —21)

Zero Matrix

The matrix whose elements are all zero is the
zero matrix, denoted by O. Then we have
(1) A+0=A

2)A-—A=A+(-A) =0
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For example,
1 2 00 1 2
(0—1)+(0 o):(o—1>
and
(1 2 —3)_(1 2 —3)_(000)_0
0 —1 2 0 —1 2 000

*Matrix Multiplication and Linear Sys-
tems

Case 1 One equation in Several Unknowns
For example,
3x1 + 2x9 + dxg =4

Let’s re-compose the equation.
Suppose A = (3,2,5) and x = | 9

Define the product by

Ax = (3,2,5) | x2 | = 321 + 229 + Sx3.
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Then we rewrite the equation

Ax =14

Q1: If give you a linear equation with n un-
knowns of the form

a1T] + asxo + - - +apxr, =0

Please re-compose the equation.

Solution:

For example, if
3
2
A=(2,1,-3,4), and x = |
—2

Please substitute A and x in the definition of
product. What’s the last result?
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Case 2: M equations in N Unknowns

Consider
a;1x1 + appxs + - - - + ay,x, = by,
a911 + A22xo + + - - + a9y, = by,

L Am1d1 + Ap2Xo + -+ F ApnTp = by,

If we do the similar re-composition to this sys-
tem, that is, we want it as Ax = b.

Can you give the proper A, x and b here?

Please finish these several examples:
Example 1.13.

I

4 2 1
A= (5 3 7>’X: 2
I3

Give Ax =
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Example 1.14.

-3 1 5
A= 2 5 ,X:(4>
4 2

Give Ax =

Example 1.15. Write the following system of
equations as a matrix equation Ax = b.

S.I'l —|-2$2—|—$3 — 5,
T1 — 2x9 + dxg = —2,
201+ 19 — 3x3 =1

Ax =21 | 1 | + 22| =2 | + 23 5
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Definition 1.16. If a4, ..., a, are vectors in
R™ and ¢y, ..., c, are scalars, then a sum of the
form

cla1+02a2+- * +cnan

1s sald to be a linear combination of the
vectors aj, ag, ..., ay.

Example 1.17. The linear system

211 + 3x9 — 213 = 5,
br1 — 4xy + 223 =0

Certainly, we can write it into

2 (3) e (2) ()= ()

[f we choose 1 = 2,29 = 3, x3 = 4, then we go
on to get

(o) =2(5) o (2) 4 ()

Thus the vector 2 1s a linear combination

of the three column vectors of the coefficient
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matrix. Certainly, we can say the linear system
is consistent and

is a solution to the system.

Theorem 1.18. (Consistency Theorem
for Linear Systems) A linear system Ax =
b is consistent if and only if b can be written
as a linear combination of the column vec-

tors of A.

Example 1.19. We know

r1+ 219 = 1,
201 +4x9 =1

has no solution, so we say it is inconsistent. Be-

1 ) .
as linear

cause we cannot write the vector ( 1

combination of the column vector (é) and
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Product of two matrices
Firstly, please observe these two matrices

2 3
A:(éj_oS),B— 1 -2
3 1

Q1:
(1) size of A? size of BY
(2) Can we do AB? How to do it?

Firstly, check these calculations:
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Then we give product of AB, i.e.

AB

[ a11 Q12
ao1 Q2

o 1x24(=2)x1+(=3)x3 1x3+(-2)x
N 2x24+(-1)x1+0x3 2x3+(-1)x

29

(=2)+(=3) x1
(-2)+0x1

)



[ —94
-\ 3 8
(3) Size of AB? Can you find the relation among

size of A, B and AB? If you cannot, please
do the following question carefully.

Answer 1:
size of A (2,3) -+ (3,2) size of B

size of AB: (2,2)

It
-1 1 4
AT
0 0 2

Q2. Please calculate AB? And what’s the size
of AB? Can you find the relation among size
of A, B and AB so far?

Answer 2:
size of A (2,3) --- (3,3) size of B
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size of AB: (2,3)
Q3. Is there solution for BA?

We will continue to use this calculation in next

question.

So we can give the definition of product of

matrices

Definition 1.20. The product of two matri-

ces
aii ai bn
A p— o o o 5 B p—
am1 Aml bll
1S
C11 Cin
C = .. 7
Cm1 Cmn
where



The size of AB:
<m7 l) ) <l7 n) — (man)

Q4: Can you calculate BA in Q27 and AB =

BA?
Q5: If
—1 1 4 2
A:(;(l)_gl),B: 3 21 |.0c=]1
0 0 2 0
then to Check
a. A(BC') and (AB)C
If
10 3 -1 1 4 2
A=|21-1|.B=| 3 —21].c=|1
11 2 0 0 2 0
b. (A+ B)C and AC + BC

Algebraic Rules
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So we will get the following properties of ma-
trix

(1) AB # BA

(2) A(BC) =(AB)C

3) (A+ B)C = AC + BC
(4) A(B+C)=AB+ AC
And the other properties:
b)A+B=B+ A

6) (A+B)+C =A+(B+C)
(7) (af)A = a(BA)

(8) a(AB) = (aA)B = A(aB)

At the same time we can have this conclusion:

If Ais an (m,n)-matrix and B is an (n,p)-
matrix, then AB is an (m, p)-matrix. But BA
may not be defined when p # m.

Example 1.21. If

()
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Give A% =
Give A3 =

Give A" =

Conclusion: A* = AA--- A

k times

The Identity Matrix

Identity matrix plays the same role to 1 in real
number system.

Please check these several questions:

10 1
A=|21-1],71=1]0
11 0

o = O
_ O O

Al and TA?

Definition 1.22. The n X n identity ma-
trix is the matrix I = 0,5, where
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5 — life=y
Y10y
In general, If B is m X n matrix and C is an
n X r matrix, then

Bl =Band IC =C

For example,

(103) (1)(1)8 _(103)
21 -1 00 1 21 -1
and
100 10 10
010 21 =121
001 11 11

We usually write n x n identity matrix I are
the standard vectors e; which is the jth column
vector of 1.

I =(e,e9, - ,¢€p)
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Matrix Inversion

Definition 1.23. An n x n matrix A is said to
be nonsingular or invertible if there exists
a matrix B such that AB = BA = I. The ma-
trix B is said to be a multiplicative inverse

of A.

If B and C' are both multiplicative inverse of A,
then

B = BI = B(AC) = (BA)C =IC =C

Thus a matrix can have at most one multiplica-
tive inverse as simply the inverse of A and de-
noted it by A=

Qa: Please give the result of

3 and 30 o)
(3 1 5 = 5 —F 3 1

Ol =



Qb: Does < (1) 8 ) have an inverse or not” Rea-

son’

Theorem 1.24. If A and B are nonsingular
n X n matrices, then AB 1is also nonsingular

and (AB)™' = B71AL.
Proof

(B'AYWAB=B'A''A)B=B"'B=1

(AB)(B'A™Y)Y=ABB YA ' =441 =1

Certainly, we have the following conclustion:

(A1A2---Ak)_1=A,§1---A2_1A1_1

The transpose of a Matrix

Observe these pairs of matrices
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Definition 1.25. The transpose of an m xn
matrix A is the n X m matrix B defined by

bji = ai;

for = 1,2,...,nand 2 = 1,...,m. The
transpose of A is denoted by A’
Algebraic Rules for Transposes

L (AT)T = A

2 (aA)T = a(A)T

3. (A+ B) = AT + B?

4. (AB)!' = BT A
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We use an example to check 4.
Example 1.26. Let

121 102
A=|335|.B=[211
241 54 1

121 102 10 6 5

AB=1|335 211 | =13423 14

24 1 54 1 15 8 9

When the product is transposed, the (3,2) entry
of AB becomes the (2,3) entry of (AB)".

10 34 15
(ABY' = 6 23 8
5 14 9

On the other hand, the (2,3) entry of BT AT is
computed using the second row of B” and the
third column of A’

125 132 10 34 15
BfAT =101 4 234 =1 6 23 8
211 151 5 14 9
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Qc: Please check these matrices:

if A=

(02)

then A! respectively?

=~ QO DD
Ot — W

Definition 1.27. An n x n matrix A is said
to be symmetric if AT = A.

1.4 elementary matrix

Definition 1.28. If we do elementary opera-
tion to an identity matrix| | Fence, then the new
matrix we get is elementary matrix.

For example:
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Yingqiu Ma


Yingqiu Ma


Yingqiu Ma


Yingqiu Ma


Yingqiu Ma
I


oooooo




Property: Elementary matrices are in-
vertible.

Observe these questions:

(1) Suppose

meanwhile

I
O = O
o O
_ O O
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O~ O
o O =
— O O
O = W
o
b_k
— DN
|
-

—_

—1 2
answer = 0 1
1 1

1
3
0
Conclusion: A; = FA (premultiplying)

(2)

2 6 —4 -6 6 -4
A=\ -3 -6 5 — A3 = 7T & —6 5

2 2 =2 -2 2 =2
meanwhile

1
E=10

0
0
201
2 6 —4
-3 —6 9

O~ O N

o O

2 2 =2
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Yingqiu Ma


Yingqiu Ma



—6 6 —4
answer — 7T —6 b5
-2 2 =2

Conclusion: A3 = AE (postmultiplying)

By two conclusions above we have

Theorem 1.29. The matriz obtained by per-
forming row(column) elementary operations
on a matrix A is equal to the matriz ob-
tained by premultiplying(postmultiplying) A
by a corresponding elementary matrix.

Definition 1.30. A matrix B is row equiva-

lent to A if there exists a finite sequence Eq, Es, . ..

of elementary matrices such that
B=FE.E.1...FHA

Two augmented matrices (A|b) and (B|c) are
row equivalent if and only if Az = b and Bx =
c are equivalent systems.

Theorem 1.31. (Equivalent Conditions
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for Nonsingularity) Let A be an n X n
matrix. The following are equivalent:

(a) A is nonsingular.

(b) Ax = 0(homogeneous system) has only
the trivial solution O.

(c) A is row equivalent to I.

Theorem 1.32. The system of n linear equa-
tions in n unknowns Ax = b(nonhomogeneous)
has a unique solution if and only if A is non-
singular.

By the theorem 1.31 any nonsingular matrix A
is equivalent to I, we have

By EiA=1 (1)

From the uniqueness of inverse matrix, we get

E, --E =A"ie.,
E,---EI=A" (2)

(1) gives us information which is to do elemen-
tary operations E,, - - - F4 to A,we can have A.
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Meanwhile (2) shows us do elementary opera-
tions E,, - -- B to I, we can have A~

NEXT to introduce a new technique for get-
ting mverse matrix:

elementary operations on rows
(A:F) — (

E:ATh
Example 1.33. Suppose

1 0 1

A= 2 1 0

-3 2 =5
what’s A~1?
Solution:

We have 3 x 6 block matrix
1 01 100
(A:]) = 2 1 0 010
—-32-5001

Next to do some elementary operations and we
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|

0 1 -2-210¢0
—-32 -5 0 01

100)
0
0

1
01 =2 =210

) )
— 1“211
2)

—
&\ —

— = e LI

122 — 10O D~ |
_ e o™

— O O —_ o O — O O

o = =

X |_|H M.A/

(o] N U

il < i

+ +

() —

= A

then we have
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Example 1.34. Solve the system

r1+ T3 =3,
201 + 19 = 8,
—3£U1-|-2$2—5£U3:—1
Solution:
5 1
1 —3 1 L 3 |
r=Al= 5 -1 1 s | =1o
I -1 4 —1 2

Triangular Matrix

Like determinants, a matrix of order n in the
form
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ayp ar2 -+ Qp
a2 -+ A2p

ann

is called an upper triangular matrix. Cer-
tainly,

aii
ag1 A2

Apl Ap2 * - Qpp

is called a lower triangular matrix.

What are about kA, A+ B and AB if A, B

are upper triangular matrices?

Diagonal Matrix

A matrix of order n whose elements are zeros
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except for elements on the main diagonal:

ai
ag

Ap

is called a diagonal matrix. When a; =
ay = --- = a,, it is a scalar matrix. It is easy
to see from the definition that

a1 kay
a9 kas
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a1 + by

_ as + by
a, + b,
ai b1
a9 b2
a’TL bn
a1b;
. as0o
a,b,

If Ais a diagonal matrix, then A7 = A.

Triangular Factorization

Let step 1: 121 = 1/27 131 = 2.

51
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Step 2: l32 = —3.

24 2
Suppose the result matrix U = | 0 3 1 |,
008
1 00 1 0 0
and L = l21 1 0 = 1/2 1 0
131 l32 1 2 =31
Q: Please check LU?
Conclusion: FsEsFE1A=U
where
1 00 1 00
Fy = —1/2 10 |, Ey = 0 101,
0 01 —2 01
100
FEs=1010
031

Certainly, we have A = E;'E; 1E3_ IU, please
check

B E;yYE;T? What did you find?
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Partitioned Matrices

Although some matrices are not diagonal, they
can be partitioned into block diagonal ma-
trices:

Ay
Ay

Am
where the orders of matrices Ay, Ay, -+, A,
may be the same or different.

For example,

200 2000 2

031 ]=[(031]-= 31

003 0] 03 03
2000 20000 2 0
1200 12000} |12
0030 |[00/30] 30
0013 0013 13
are block diagonal matrices.
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If matrices A and B of order n are block diag-
onal matrices

where A; and B;, 7+ = 1,2,...,m, are matrices
of the same order. It is not difficult to show by
definition that

Al ]‘CAl
Ay kAo

A+ By
A+B — Ay + By |

A, + B,
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A B,
AB = A2 B .
A B,

So, the sum, scalar multiplication and product
of block diagonal matrices can be computed just
like diagonal matrices.

For example,

200 100 2+ 1
031 |+[020]= 31
003/) \o31 (Q)3)'*<
3
| s51],
3 4
2000\ [ (20} \
1200 | (12)
0030 | — 3 0\°
0013 K (13> )
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In general, block matrices need not be diagonal
matrices. For example,

(all ai2 alS\

a21 Q22 |G23
A= | as azp |ass | = A Ao

- - 9
A21 A22

41 Q42 |A43
Kam a52 |53 )
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B =

bll b12
b21 b22

b13 bl4 b15 bl6
b23 b24 625 bZ6

b31 bso

It 1s clear that

a5 - (

where

_ (311 Bis B3

Boy By B
D33 by |bss Dsg 2 e

An A12> (Bn B9 B13>
A9y A Bo1 Bos Bas

_ (Cll 012 ClS)
C'21 022 C123

Cij = AnBij + AiBsj,i = 1,25 =1,2,3.

Partitioning matrices into block diagonal matri-
ces, we can sometimes more easily compute the
product of matrices.

Outer Product Expansions

Firstly, introduce two definitions:

Scalar Product or Inner Product: 1 X 1 matrix
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Y1

$Ty — (331, Lo, . .. 73371) y;2 — xlyl—l_' ’ +xnyn
Yn

Outer Product: matrix
X1
T

xyT: 52 <y17y2,---;yn> —

L
31 1 2

QL I X =24 |,Y =1 24 |, please
1 2 31

give XY

New Way (Outer product Expansion: )

31
XY= 24 (;if)
12
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Chapter 2

Determinants

2.1 The Determinant of A Matrix

Pre-Questions:

Q1: Can you solve the system of linear equa-
tions by your high school study?

20 +y =1,
x — 3y = —2,
Q2: Can you solve the system of linear equa-
tions by your high school study?

20 —y+ 2 =0,

3r + 2y — oz =1,

x+ 3y — 2z =4.
Q3: If there are four unknowns z, y, z and u
in the corresponding system of linear equations,
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will you still take the same technique to do this
question? Easy or tedious?

We will find proper technique for solving this
kind of question.

1. Determinant of order 2.

Linear equation system in two unknowns z; and
X9.

a1171 + ajprs = by,
a2171 + A2272 = by,
How to solve 1 and x57
Your Technique: Eliminating xo

Solutions:

biasg—boays
a11a22—a12021

r1 —

Ty = a11ba—b1ag
a11a22—a12a21

Denote D = aj1a99 — aq12a91, wWhere x1,29 exist

provided by D # 0.
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New notations:
Determinant of order 2:

ail a2
a21 Q22

D:

= A11022 — 4120921

(1) Four elements are coefficients.
(2) Two rows and Two columns
(3) aryase — principal diagonal
(4) ajpas; — sub-diagonal

(5) D is a number

For example:

1 =2
A_‘S 5‘_1-5—(—2)-3_11
Similarly, we denote
b1 a9
D = = bias9 — boa
1 by oo 1422 2012
and :
__|a11 911 .
Dy = a1 b = byay; — brag

So we have
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I D
and
Dy
Ty = —
7D

Example 2.1. Please solve Q1 with new tech-
nique and notations.

2. Determinant of order 3.

Linear equation system in three unknowns x,
xro and xs:

1171 + a19T9 + a13x3 = by

A21T1 + Q22T + A23T3 = by

a311 + 32T + a33T3 = b3
Simlar to analyze determinant of order 2, we
have:

Determinant of order 3:

ail Qi Aais
D = |ag1 a9 ass

aszp Qs Aass
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= 11029033 + A12A93G31 + 13021032
—Qa13022a31 — A12021033 — 411023032

For example:

D=|-431]=10

Certainly,
by a2 as

b3 a3z Aas3

ai 51 ai3

asi b3 ass

ail a2 b1

asy as2 53



2.2 permutation

DeﬁnitionFA permutation of the set
of integers 1,2,... n is an arrangement of these

integers in some order without omissions repe-
titions.

Q:
Can you list the permutations of {1,2,3}7 How
many possibilities of them?

Example - Counting Inversions

Determine the number of inversions in the fol-
lowing permutations: (123), (231), (312), (321),
(132), (213)

Inversion:

7(123) =0+04+0=0

7(231) =04+042=2

7(312) =0+1+1=2
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2.1


7(321) =0+1+2=3
T7(132) =0+0+1=1
T(213) =0+1+0=1

What'’s the inversion of the permutaion (31542)7

Definition - A permutation is called even
if the total number of inversion is an even in-
teger and is called odd if the total number of
inversions is an odd integer.

even permutation: (123),(231),(312),
odd permutation: (321),(132),(213).

determinant with order n

we can rewrite

ail ai2 Aais

-
D = |ag1 az ag| = E (—1)"a1p, a2p,asp,
asp azz Aas3

where the first subscrips are arranged in the or-
der of (1,2,3) and the second are in the order of
a permutaion (p1pops) of {1,2,3}.

(a) six terms provided by 3! = 6
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(b) sign (+,-) in front of each term provided by

T(p1p2ps)
(¢) 3% elements in determinant

Similarly,
We have

3. Determinant of order n:

Given n? numbers a;;, 7,7 = 1,...,n.innrows

and n columns by

ail a2 ... Aip
D _ a?1 CL.22 .. .. CL'Qn
an1 Anp2 ... Qupp

_
= E :<_1> A1p A2pyA3pg - - - Anpy,

Sometimes, we use det(a;;) to indicate the de-
terminant of order n, where 1 =1,2,...,n and
7=1,2,...,n.

(a)n! terms
(b) sign (+,-) in front of each term provided by
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T(p1p2- - - Pn)
(¢) n? elements in determinant



3. Determinant of order n:

Given n? numbers a;j,t,7 =1,...,n.innrows

and n columns by

ail aip ... Aip
D= a?l &?2 ce a?n
an1 ap2 ... App

Definition 2.2. Taking certain k& definite rows
and k definite columns of a determinant D of
order n (k < n), we construct a determinant of
order k., called a minor of D of order k.

For example,
The minor of D of order 1,2 and 3

aip a1z aig
a 12 21 Q23 424
125 )
as2 Aa34
41 Q43 A44

Definition 2.3. By omitting all the elements
of the 7-th row and j-th column at which the ele-
ment a;; of D locates, the resultant determinant
M;;, of order n—1, is called the complement
minor of a;; in D.
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For example, the determinant of order 4

a1l Aa12
a21 Aa22
az; as2
41 Q42

Obviously, a1 and ag3 are minor of order 1 and

22 Q23 424
My, = |as2 ass asy

42 Q43 A44

are minors of order 3.

We call Mi; the complement minor of a1, and

a13
a23
a33
43

a14
24
34
44

7M23:

ajl ai2 aig
asyp azz az4
41 Q42 A44

M3 the complement minor of ass.

Definition 2.4. (—1)"*7M;; is called the al-
gebraic complement or (the algebraic)

cofactor of a;; in D, denoted by A;;:

Ay = (=1 My,

66




For example, the determinant of order 4

a1l aiz aiz ai4
21 22 Q23 24
az; az2 a3z 434
a41 Q42 Q43 Q44

the algebraic complements of aq1, as3 are re-
spectively

22 Q23 A24
_ 1+1 _
A = (—=1)"" My = |ags ass asy

42 Q43 A44

ail ai2 aig
_ 2+3 _ _
Aoz = (—1)"""Ms3 = — Moz = — |ag1 ass asy

41 A49 A4y4q

Theorem 2.5. The determinant of order n

aip -+ Qin
D =

Ap1 *° Qpp

i1s equal to the sum of the products of all the
elements of D in the 1-th row and their alge-
braic complements:

D =anAin + aipAip + -+ + ainAin
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It may also be developed about a column in-
stead of a row: say the j-th column:

D = alelj + CLQjAQj + -+ CLnjAnj

For example, developing A about its second col-
umn and third column we have, respectively,

2 12 |
A = —431:4| |+3‘ '—‘
5 a5 35 25 2 3
= —4+18—-4=10
and
2 12
—4 3 2 1 2 1
A= —431:2| |—| |+5‘
5 a5 2 3 2 3 —4 3

= —36 — 4+ 50 = 10
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Corollary The sum of the products of

all the elements in a certain row of a de-
terminant of order n(> 2) and the algebraic
complements of the corresponding elements
in another row s zero:

anAj + apAjp+---+a, A =0 (1 # 9).
This 1s certainly true also for columns:

aliAlj - azz'AQj + -+ am-Anj = () (Z 75 ])




Corollary




2.3 Properties of Determinants

In this class we will use this determinant a lot
of times which is

2 12
A=1-431
2 39

=304+2—-24—-124+20—-6 = 10

1. Property 1.

When all the elements in a row (column) of a
determinant are multiplied by a number £, the
resultant determinant equals k times of the orig-
inal one. Or, what is the same, if £ is a common
factor of all the elements in row (column) of a
determinant, then £ may be factored out of the
determinant, i.e.,

ooooooooo
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2.3


For example,

2 12
D=2|—-431

2 35

= 20

4 24
where |—4 3 1

2 35
or

2 12
D=2|—-431

2 35

2 1 4
where |[—4 3 2

2 3 10
20

4 24 2:22-12-2

=|1-431=|-4 3 1
2 39 2 3 5
= 60—484+-4—244-40—12 = 20
2 1 4 2 122
=|1-43 2|=|-432-1=20
2 3 10 2 32-5

= 00+4—-48—-24—-12+40 =

2. Property 2.

If every element in the i-th row (column) of a
determinant is written as the sum of two terms:

a;j = b

-+ ¢y, 7=1,...,n,
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then the determinant is equal to the sum of two
determinants in which the é-th rows (columns)

are respectively by,...,b, and cq,...,c,, the
other rows(columns) keeping same.
ail a12 A1n ail a2 A1n
b1—|-01 b2-|—02...bn—|—cn: bl bg bn
nl an2 Qpn ap1 Ap2 Apn
ail a2 A1n
+1|c1 C Cn,
Apl Ap2 Apn
For example,
2 12 2 1 2
A=1—-4 31 —4 3 1
2 35 I+1 142 2+3
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L2

23

L2

12

=12—-8+1—-64+8—-2=5

=|—-431|+]|-431=5+5=10

12

2

12

=184+1—-16—-6—-4+12=5

where |—4 3 1

1+1 12
—-1-331

I1+1 35

12

2
—4 31

35

2

L2

39

A —

L2

-1 3 1|+|-331|=64+4=10

39

=1594+1-6—-06—-34+5=6

12

1

39

where |—1 3 1

72



|
N
W w
Ot — DO

3. Property 3.
If any two rows (columns) of a determinant are
interchanged, then only its sign is changed.

For example:

A —

where

—10

or

2 12
—4 31
2 395
2 3
—4

2 1

DO — Ot

=10, and D =

=10, and D =

73

(N}

DO

W W

|

W
—_ W W
N — Ot

(N | DO
S
Ot — DO

=10—-184+1-6—-3+15=4

= —10

=12+6—-20—-30+24 -2 =

= —10



1 2 2

where |3 —4 1| = =20+6+12+24-2-30 =
3 2 9

—10

By this conclusion we have

(1) If two rows of a determinant are identical
then it is equal to zero.
For example,

or

21
A=1212=0
13

G B NI V)

(2) If the corresponding elements in rows of a
determinant are proportional, then it equals
7Z€10.

For example,

A:

— DN >
LW M DN
1 I NORTEN
|
-




4. Property 4.

In a determinant, if we add k times of each ele-
ment in a row to the corresponding element in
another row, then the value of the determinant

remains unchanged, i.e.,

ai c. A1n
aip +kaj ... ap + kajy
a/nl e o o ann

a1 ... Ain <j7él)

Properties 1-4 are valid for “columns”

in place of “row”.

Example 2.6.
2 12 2 1 2
A=1-431=|-4+2-234+1-21+2-2
2 35 2 3 5
212 212
=105 5/=5|011]=10
235 235

75




Given a determinant

D:

if we change all its rows (columns) into columns
(rows) with the orders preserved, then we get a
new determinant

D' =

called the transposed determinant of D.
Obviously, the transpose of D" is D. So D and

ail aip ... Aip
as1 A9 ... Aop
an1 An2 ... Qpnp

ail a1 an1
a12 a2 an?2
a1n Qop Ann

D' are transposes of each other.

(1) aj; is at i-th row and j-th column in D’
which is at j-th row and ¢-column in D.
(2) The elements of D and D’ on their principal

diagonals remain unchanged.
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5. Property 5.
The value of a determinant D is the same as its
transpose D',

For example,

2 —4 2 200 200
A=11 3 3|=[152=5|112

2 1 5 203 213
=2 x 5 =10=A

Q: We study 1-5 Properties for calculating de-
terminant in simple way. How do we use these
properties or we can say how do we calculate
the value of any determinant in simple way?

Example 2.7.
2 12[ 212 21 2
A=1—-431"Z 055 =055
2 35 235 023

7




|

&
S O N
DO = =
LW — N

7“3—2><7“2

Given a determinant

D —

ail aio ..
as1 A9y ...

anl Can o o

S OO
O = =

i il N

= 10

if we change all its rows (columns) into columns
(rows) with the orders preserved, then we get a

new determinant

D' =

ail asr ...
a2 Aoy ...

aip Ao2n - ..

an1
an2

ann

called the transposed determinant of D.
Obviously, the transpose of D" is D. So D and
D' are transposes of each other.
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(1) aj; is at i-th row and j-th column in D’
which is at j-th row and ¢-column in D.

(2) The elements of D and D’ on their principal
diagonals remain unchanged.

5. Property 5.
The value of a determinant D is the same as its

transpose D',

For example,

2 —4 2 200 200
A=11 3 3|=152=5|112

2 1 5 203 213
=2 X 5 =10 =A

Q: We study 1-5 Properties for calculating de-
terminant in simple way. How do we use these
properties or we can say how do we calculate
the value of any determinant in simple way?
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Example 2.8.

2 19 212 212
A=|—43 12055055
2 35 235 023
212 21 2
—500 1 1] 22501 1| = 10
023 001

Example 2.9. Calculate the determinant of

order 4
3 1 —1 2
-5 1 3 —4
2 0 1 -1
1 -5 3 =3
Solution:

After choosing property 4 to do action ¢1+2 X ¢4
and ¢4 + c3:

7 1 —1 1

~13 1 3 -1 " [
00 1 o = (—1)*3 =13 1 -1
-5 =5 3 0 = =9 0
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Doing action r9 4 ri:

711
D=|-6 2 0]=(-1)" :g _25‘
—5 =50

Square Matrix and its Determinant

Suppose square matrix A of order n

ail aip ... Aip
A — a1 a2 ... A2n
an1 Apo2 ... App

then, we can get its corresponding determinant

| A| of order n, or (detA).

ail aiz ... Aip

as1 A9y ... A9
Al = "
an1 apo2 ... App

Difference between Matrix of order n
and Determinant of order n
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We can calculate the value of Determinant, while
the matrix is an array list composed of n? or-
dered numbers.

For example,

DO

A=1—4 = 10.

W W
Ot — DO

DO

and

2 12
A= —4 3 1 | isan array.
2 35

Q2: If
—1 1 4 2
A=\ 3 =21 |.,B=1]14
0 0 2 §

4
8

O© O W

12
and k = 2

Please do these questions

a. |A| and |AT]?
b. |kA| and |A| 7
c. |AB| and |A| - |B|?
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d. |BA| and |AB|?

So we have several properties:

(1) |AT] = |A]

(2) |KA| = k™| A|

3) |AB| = |A|-|B

(4) |AB| = [BA]

Example 2.10. If A is a square matrix of
order 4 and |A| = —2, what is the value of
[|A|AZAT|?

Solution:

Obviously, |A| = —2 is a constant, so

|A[42AT| = (~2)"|42A7| = (~2)"| 4%|| A7
= (~2)|AJ|AJ|A] = (~2)7 = —128

Definition 2.11. A is a square matrix of order
n and |A| # 0, then we say A is nonsingular.

For example,
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1 2. . 2 2
A= (O 1) is nonsingular, and B = (1 1)

is singular.

we NEXT discuss the existence of the inverse
matrix.

Theorem 2.12. The matrix A s invertible
if and only if A 1s nonsingular.

Example 1.

Let

12
1= (51)
Prove that A is invertible and find A~1.
2.4 Cramer’s Rule

Theorem 2.13. (Cramer’s theorem)
If the coefficient determinant D +# 0, then it
has the unique solution

Dl Dn
Il = C oy Ip = ,

D’ D
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2.4


where D;(i = 1,2,...,n) is the determinant
obtained when the 1-th column a;1, a;, . . ., Gy,
of D 1s replaced by the constants column by, by, ..., b,.

Example 2.14. Solve the system of linear equa-
tions

( 201 + o — Ox3 + T4 = &

$1—3$2—6$4:9
209 — X3+ 224 = —D
\331—|—4332—7ZC3—|—6£C4:O
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Chapter 3

Vector Space

3.1 Rank of Matrix

Definition 3.1. A matrix is said to have rank
r, it r is the largest order of nonzero minors of
matrix A. The rank of a matrix A is denoted
by r(A). If the rank of a matrix of order n is n,
then the matrix is called a nonsingular matrizx,
otherwise it is called a singular matrix.

For example:

1
A=10
2

=~ = DO
S DN W
o = O

A has a minor (1) ?‘ with order 2 and we have
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Fz

Ole#Q

But we pick up any minor with order 3

for instance,

123
012
246

So we have rank of A, r(A)

= 0.

2.

When A = O, then r(A) = 0,

For any m X n matrix A we have

0 <r <min(m,n).

Theorem 3.2. We do the elementary oper-
ations to a matriz, but it’s rank remains un-
changed.

For example,

We have known
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1230
A=lo121
246 0
has rank 2.
1230 1230
A=lo121 ™2 _[0121
2460 0000

then r(A) =r(B) = 2.

By this theorem, we will have the new tech-
nique, which is

( ail a2 ... Ay ... Ap \
0 as ... A9y ... A9n
elementary operations .
A H O O o« o arr a/rr-rn/
0O 0 ... 0 0

then r(A) = r.
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Example 3.3. Calculate r(A), if

n_4777
—
_444
L
[
) )
~ 10002
— —
— < J— P~
~ _
— D — | PR S o o
/l\ — (\
- |
< 3_2A_T
m — N T —
=
e I
N <

Sor(A) = 2.
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Practice:
1 0 1 —1 =2

2 1 3 -1 6
A= I 1 2 -2 5
-1 -11 0 —1

3.2 Linearly Independence

Definition 3.4. A set of ordered numbers com-
posed of n numbers aq, as, ..., a,, denoted by

a = (ay,as,...,a,),

is called an n-dimensional vector, where aq, ao,
..., ay, are called the components of a, a; being
called the i-th component.

In the example above

a=(1,2,-1,0),8=(2,-3,1,0),y = (4,1, —1,0)

Q: How to indicate o = (1,2) in 2-space? and
a = (1,2,3) in 3-space? Next to think about
a = (1,2, —1,0) in space? What does it mean
in analytical geometry?
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1. A vector whose components are all zero is
called a zero wvector, usually denoted by o.

2. Two n-dimensional vectors a = (aq, . . ., ay),
B = (by,...,b,) aresaid to be equal, if their
corresponding components are equal. Thus
we write it into a = (3, or

(CLl,...jan>:<b1, an> ifa,z-:bz-’r[::
1,2,...,n.

For the operations of n-dimensional vectors
Definition 3.5. Let a = (a4, ...,a,) and 5 =

(by,...,by)
1. Sum of vector  and 5: a + 8 = (a1 +
bl,...,an+bn)

2. Difference of vector o and 8: o — 8 =
(a1 —bl,...,an—bn)

3. scalar multiplication of o and a number

k: ka=ak = (kay, ..., kay)

Addition, subtraction and scalar multiplication
of vectors are called linear operations.

Note: Only when the dimensions of two vec-
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tors are equal can we say these two vectors are
equal or not equal and find their sum or differ-
ence.

For example:
(1,2,3)4+(2,3,4,5) is meaningless.

we use the expression
(4,1,—1,0) =2(1,2,—-1,0) + (2, -3, 1,0)
to show the relation among three equations.
or we rewrite 1t into
v =2a+p
We also say that 2a:+ ( is a linear combination

of vectors v and [3, or y is a linear expression
of  and . So we have

Definition 3.6. Let o4, ..., a,, be m vectors
of dimension n, k1, . . ., k,, be m constants. Then

kiog + -+ - + ko,
is called a linear combination of vectors aq, . . ., o,

If o = kiag + -+ + ko, 1s called a linear
expression of vectors aq, ..., ay,.
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For m vectors oy, . .., a,,, if there is one vector

is a linear combination of the m — 1 remaining
- k1 _ _ Em

vectors (e.g. Q1 = T km_lozm),

then we have

kiog + -+ - + ko, = 0, (1)

where kq, ..., k,, are not all zero. Conversely,
if the coefficients in (1) are not all zero, then
among the m vectors aq, ..., oy, there at least
exists a vector that is a linear combination of
the m — 1 remaining vectors. For example, if
k,, # 0, then we obtain

Q i Q km_loz
m= —7 Q] — " — m—1
K K
i.e., au, is a linear combination of ary, ..., a;,_1.

Hence we have this conclusion:

There exists some vector among the m vectors

i, ..., o, which is a linear combination of
the m — 1 remaining vectors if and only if the
coefficients ki, . . ., k;, which satisfy (1) are not
all zero.

By this conclusion we have
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Definition 3.7. Let oy, ..., a,, be m vec-
tors of dimension n. oy, ..., a,, is said to be
linearly dependent, if there exist constants kq,
..., ky, not all zero, such that

kioy + -+ -+ ko, = 0.

If no such constants ki, ..., k,, exist, then o,
..., au, are said to be linearly independent.
That is to say, aq, ..., a,, are linearly indepen-
dent if (1) holds only when the constants kj,
..., ky, are zero.

For example,
we have
a=(1,2,-1,0),6=(2,-3,1,0),y = (4,1,—1,0)
By

(4,1,—-1,0) =2(1,2,-1,0) 4+ (2,-3,1,0)
1.e.

vy=2a+pB=7v—-2a—F=0

Certainly, v, « and ( are linearly dependent.

Q: Please think about v and 57 Linearly de-
pendent or linearly independent?
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Check:
kioo + ko8 = k1(1,2,—1,0) 4+ ko(2,—3,1,0)
= (k1 + 2ko, 2ky — 3k, —k1 + k2,0) = o,
ki + 2ko = 0,2ky — 3ky =0, —k1 + ko = 0.

Certainly,
ki=0,k=0

Hence a and [ are linearly independent.

Example 3.8. Zero vector is a linear combi-
nation of any s vectors ar, - -, a.

l.e.

o=0-a1+0-ay+:--+0-a.

Example 3.9. In vectors aq, as, ..., a4, any
vector a; (1 < j < s) is a linear combination
of other remaining vectors.

l.e.

aj=0-a+---+1-a;+--+0-as.
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Suppose (m,n)-matrix

aip -+ Qip
A=
Am1 Amn
then we call any row (a;1, a2, - , ;) a row
vector in n dimensions. Certainly, we call any
a1j
CLQJ' . .
column . a column vector in m dimen-
&m]’

sions. Sometimes, for convenience, column vec-
tors are also written horizontally.

i.e., (CLlj, CLQJ', Tt amj)T

Review: Definition of Rank of matrix

If the rank of a matrix of order n is n, then the
matrix is called a nonsingular matrix, other-
wise it is called a singular matrix.

Theorem 3.10. The m row vectors of an
(m, n)-matriz A are linearly dependent if and
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only if the rank of A 1s less than m.

In this theorem, we replace the rows by columns,
it is still true, i.e., n-columns of an (m, n)-matrix
A are linearly dependent if and only if the rank
of A is less than n.

Example 1,

12 -1
A:<2—31>
12 -1\ _ (12 1
2 -3 1 0 —7 3

So r(A) = 2, and there are two row vectors.
By theorem, we say they are linearly indepen-
dent, but its three column vectors are linearly
dependent because of 2 < 3.

Example 2,
1 2 —1
B=12-3 1
4 1 -1

1 2 —1 I 2 -1 1
2 =3 1 — | 0 =7 3 — | 0 =7
4 1 —1 0 -7 3 0



So r(B) = 2.

Then its three row vectors are linearly depen-
dent, so are the three columns.

In Example 2, r(B) = 2 and order of B is 3, so
we have |B| = 0, That is easy to see

1. There exist n n-dimensional row vectors o, - - -

(7 =1,---,n)which are linearly dependent
if and only if

aip - Ain
=0

Api -+ Qpp

2. There exist n n-dimensional row vectors ay;, - - -

(7 = 1,--- ,n) which are linearly indepen-
dent if and only if

aip -+ Ain

# 0

Api - Qpp

3. There are n vectors aq, ao, . . ., a,,, and each
vector ¢ is in m-dimensional, 1.e.

ozj = (alj, agj, <o ,amj)T(j = 1, 2, s ,n)
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If m < n, then aq, a9, ..., a, are linearly
dependent. (By theorem 3.10)

Q:(1) Try to check vectors oy = (1,2, —1,5),
ar = (2,—1,1,1), ag = (4,3, —1,11) linearly
dependent?

(2) N1 = <1,2,0, 1)7 9 — (1,3,0, —1), 3 =
(—1,—1,1,0) linearly dependent?

Theorem 3.11. The rank of a matrix A is
equal to r if and only if there are r row (col-
umn) vectors in A which are linearly inde-
pendent, and any r+1 row (column) vectors
(if any) are all linearly dependent.

For example:

In Example 1:

I 2 —1
A= <2 -3 1 )
I 2 —1 _ I 2 —1
2 =3 1 0 -7 3
So r(A) = 2, by theorem, we say (1,2,-1) and
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(2,-3,1) are linearly independent.

But in
1 2 -1
A=12 =3 1
4 —6 2
We have
1 2 -1 1 2 =1 1 2 —1
B=|2 -3 1 — 1 0 =7 3 — 1 0 =7 3
4 —6 2 0 —14 6 0 0 O

Certainly, 7(B) < 3, then (1,2-1), (2,-3,1) and
more(4,-6,2) are linearly dependent.

3.3 Some definitions and examples

Definition 3.12. Let V' be a set on which the
operations of addition and scalar multiplication
are defined. By this we mean that, with each
pair of elements x and y in V', we can associate a
unique element x+y that is also in V', and with
each element x in V' and each scalar o, we can
associate a unique element ax in V. The set
V" together with the operations of addition and
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scalar multiplication is said to form a vector
space if the following axioms are satisfied.

Al.
A2.

A3.

A4.

Ab.

AG.

AT.

AS8

r+y=y+xforany z and y in V.

(x+y)+z=x+ (y+z) for any x, y, z in
V.

There exists an element 0 and V' such that
r+0=xforeach x € V.

For each x € V', there exists an element —x
in V such that z + (—x) = 0.

a(x +y) = ar + ay for each scalar o and
any z and y in V.

(a+ B)xr = ax + Bx for any scalar o and (3
and any x € V.

(af)r = aBx) for any scalars a and £ and
any r € V

l-x=xforallxz € V.

Definition 3.13. If S is a nonempty subset of
a vector space V', and S satisfies the following
conditions:

(i) ax € S whenever x € S for any scalar «
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(ii) z +y € S whenever x € S and y € S.
then S is said to be a subspace of V.

Example 3.14. Let S = {(x, 20, 23)! |1, =
T2}, S is nonempty since x = (1,1,0)" € S.
To show that S is a subspace of R?, we need to
verity that the two closure properties hold

(i) If # = (a, a,b)! is any vector in S, then
ar = (aa, aa,ab)! € S
(ii) If (a,a,b)’ and (c,c,d)! are arbitrary ele-
ments of .S, then
(a,a,b)" +(c,c,d)’ = (a+tc,atc, b+d) € S

Since S is nonempty and satisfies the two clo-
sure conditions, it follows that .S is a subspace

of R3.

Definition 3.15. Let A be an m X n matrix.
Let N(A) denote the set of all solution to the
homogeneous system AX = 0. Thus

N(A) = {z € R"|Az = 0}
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We claim that N(A) is a subspace of R". Clearly,
0€ N(A),so N(A) is nonempty. If z € N(A)

and « is a scalar, then

Alaz) = Az =al =0

and hence ax € N(A). If x and y are elements
of N(A), then

Alx+y)=Az+ Ay=0+0

Therefore, x +y € N(A). It follows then that
N(A) is a subspace of R". The set of all solu-
tions to the homogeneous system Ax = 0 forms
a subspace of R". The subspace N(A) is called
the nullspace of A.

Example 3.16. Determine N(A) if
1110
A= (2 10 1)

Using Gauss-Jordan reduction to solve Az = 0,
we obtain

Solution
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1110 :0 . 1 1 1 0:0
2101 :0 0 —1 —21 :0

N I 0 =1 1:0 N 10 -1 1 :0
0 —-1-21:0 01 2 —1:0

We set 3 =, x4 =

a— [ 1 —1

| 2a+8 | —2 1

Then x = N =al +53 0
B 0 1

is a solution to Az = 0. The vector space N(A)

consists of all vectors of the form

where o and 3 are scalars.

Definition 3.17. Let vy, ..., v, be n vectors
inV, ay,...,q, be n scalars. Then

iUy + -+ - Uy,

is called a linear combination of vectors vy, ..., v,.
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The set of all linear combinations of vy, ..., v,
is called the span of vy,...,v,. The span of
vy, . . ., U, will be denoted by Span(vy, ..., vy,).

In example,

The nullspace of A was the span of the vector
1 —1

—2 1
| and 0
0 1
Definition 3.18. The vectors vy, ..., v, form
a basis for a vector space V' if and only if
(i) v1, ..., v, are linearly independent.
(ii) v1,...,v, span V.

Example 3.19. The standard basis for R? is
{e1, ea, e3}; however, there are many bases that
we could choose for R?. For example,

1 0 2 1 1 1
{(fr].{xr]).{o]andf{2],{2],]l0]}
1 1 1 1 0 1
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Chapter 4

Eigenvalues

4.1 Eigenvalues and Eigenvectors

Q1:
3 1
A=fs 4
Please give the expression of |[AE — A|?
Q2:
—1 1 0]
A=1[—-430
102
Please give the expression of |A\F — A|?

Q3:
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If we suppose |[A\E — A| = 0, can you calculate

A7

Definition 4.1. f()) is a polynomial of degree
n in A, it is said to be the characteristic poly-
nomial of the matrix A. The equation f(\) =
0 is called the characteristic equation of A.
The solution(roots) of characteristic equation
are known as the eigenvalues(characteristic
roots) of A, the k-multiple roots of f(A) = 0 are
called the eigenvalues (characteristic roots) of
multiplicity k of A.

Example 4.2. Find eigenvalues of the scalar

matrix

- i}

A= a

- a—

Solution:
A—a
ANE — Al = A—a :()\—a)3,
A—a
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A = a is an eigenvalue of multiplicity 3 (-
multiple eigenvalue).

In general, the eigenvalues of any scalar matrix
of order n are eigenvalues of multiplicity n.

Definition 4.3. Assume )\ is an eigenvalue of
A. Then

f(Xo) = |ME —A| = 0.

Hence the homogeneous system of linear equa-
tions

_551_
(AoE—A>X:0, X = :
_ajn_
1.c.
()\0 — a11)$1 — o= apxy, = 0,
Ap1T1 — -+ <>\O — ann>xn — 07

has nonzero solution vectors. Any one of its
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nonzero solution vectors is called an eigenvec-
tor of A associated with the eigenvalue .

For example,

Please calculate the eigenvector in Q2.

Solution:
By

ANE — A| =

A+ 1
4
—1

—1
A—3
0

0
0
A—2

=0

We have (A — 2)(A — 1) = 0, so A\; = 2, and

A= A3 = 1.
When A\ = 2,

We solve (2F — A)X =0,

3 —1 0] B
2E-A=14 —10 — [0
—1 0 0 0
We set 3 = . then x =

Certainly, we can say
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X1 = |0

So all eigenvectors associated with A\; = 2 are

where a # 0.

is an eigenvector belongs to A\ = 2.

aXi=o |0

Q: Can you indicate N(2F — A)?

0

—2 —4
—1 —=2]

A)X
.

o O =
O~ O
O DN —

is an eigenvector belongs

When Ay = A3 = 1, we solve (F —
(2 —1 0] 1
EFE-A=|4 =2 0| —= |0
-1 0 —1] 0
3]
We set 3 = —0, and x = | 203
—0]
R
We have Xy = | 2
—1
tO)\QZ)\gzl._ i

So all the eigenvectors
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fXo=0] 2

where 3 # 0.
Q: Can you indicate N(E — A)?

we indicate eigenspace corresponding to A by

N — A).

Practice:

Find the eigenvalues and corresponding eigenspaces.

(1 1 —1]
A= -2 4 =2
—22 0
Solution:
A—1 —1 1
FN=AE—Al=| 2 X—42]=\-
2 =2 )\
2°(A—1)

So A=A =2 and \3 =1
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When )\1 — )\2 = 2,

(1 —1 1] 1 —11
2 —22 =10 0 O
2 —2 2 0 0 0
- -
So X1=10 1] and Xo = |1
_1_ _O_
When A3 =1,
0 —1 1] 2 0 —1]
2 32| - |01 —1
2 —2 1 00 0

_1_
SO X3 = |2
_2_

Are X1, Xy, X3 linearly independent or not?

Several conclusions:

Let A be an n X n matrix and A be a scalar.
The following statements are equivalent:
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(a) A is an eigenvalue of A.

(b) (A — AI)x = 0 has a nontrivial solution.
(c) N(A—=XI) #0

(d) A — Al is singular.

(b) det(A — AI) =0

Example 4.4. Matrix A with order n is sin-
gular if and only if A has a eigenvalue 0.

Example 4.5. Suppose A is an idempotent
matrix, i.e. A = A% Prove that the eigenvalues
of A equals either zero or one.

Proof.

Suppose A is an eigenvalue of A, X is an eigen-
vector of A associated with A, i.e.

AX =)2X

Then AX = A*X = MAX = MX. Hence
AX = MX or (M2 =NX =0. As X #0,
M—XA=AA—=1)=0. Hence A\ =1or A = 0.
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Practice: Page 311. 4

Several Conclusions:

1.

Theorem 4.6. Suppose matriz A with order
n, its eigenvectors Xy, Xo, -+, X, asSoci-
ated with distinct eigenvalues A\, Ao, -+, Ay,
are linearly independent.

2.

Theorem 4.7. If A with order n is similar
to diagonal matrizx B if and only if for each
k-multiple eigenvalues \;, the rank of matriz

NI — A is n-k.
4.2 Diagonalization of Matrices

Definition 4.8. We say B is similar to A,
denoted by A ~ B, if there is an invertible
matrix P such that

B =P AP

From B = P~'AP, we have P7'A = BP~! =
(). Hence we have
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A=PQ, B=QP

where P is nonsingular.

For example,

a=5 )m=lo B o=

then

pi—|

DOt
| o=y

D

1

P 'AP = [

S|t

4
0

1

5
6.
0

-

1

So A~ B

Theorem 4.9. If A ~ B with order n, then
A and B have same eigenvalues.

115



Proof.

A ~ B, there exists a nonsingular P, then
P1AP = B.

IM—B| = [M—P 'AP| = |P"'(\)P—P *AP|

= |P Y\ — A)P| = |P Y|\ — A]|P]
= M — A

Suppose A = (a;;) is a matrix of order n. If it
is similar to a diagonal matrix, we can write

P AP =

or

AP =P

Writing the n column vectors of P as Xy, - - -,
X, in their proper order, i.e., P = (X1, Xo, -+, X,,).
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P — (>\1X1,"' ,>\an>

Hence we have

(AX1, -+ AXG) = (Xa, - AaXa),

and so

AXZ = )\Z)(Z or ()\ZE—A>XZ — O, 1= 1, ,

Therefore the column vectors X; of matrix P
are all eigenvectors of A.

Since P is nonsingular, Xi, Xo,---, X, are n
linearly independent eigenvectors of A. That is
to say, if the matrix A of order n is similar to
diagonal matrix, then it has n linearly indepen-
dent eigenvectors.

Conversely, if A has n linearly independent eigen-
vectors Xq, -+, X, then AX; = \X; (2 =
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1,2,...,n) Let P =(Xy,---,X,). Obviously

P is nonsingular matrix. As
AP = (AX;--- AX,) = (M X1 X))

A1 A
An An

A is similar to the diagonal matrix P~1AP.
Thus we have the following basic theorem
Theorem 4.10. A matriz A of order n 1is
similar to a diagonal matriz if and only if
A has n linearly independent eigenvectors.
If A has n linearly independent eigenvectors
X1, Xo, oo, X, AX, = NX,, P=(Xq,---, X)),
then

'\ _
P'AP = -

An

If the order of A1, - -- , \,, 18 changed, then the
order of X1,...,X, is changed accordingly.
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In previous example,

3 1
A=

has two distinct eigenvalues A\ = 4, Ay = —2
corresponding eigenvectors aq = 1 and ay =

1

5l
If we take

4 0 1 1

B = [O _2], then P = (aq, ) = [1 _5]7
we have P~'AP = Bj.

—2 0

If we take By = 0 4

11
-5 1|
Example 4.11. Find a diagonal matrix simi-
lar to

], then P = (OéQ, &1) —
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4 6 0]
—3 =50
-3 —6 1

and the matrix P used. And find A,

4.3 Orthogonal Diagonalization
Orthogonal Matrix

A real square matrix is called an orthogonal
matrix if it satisfies AA'= A/A=F.

For example,

1 0 cosf sin6 0 —1
A_(O —1)’B:<sin6 —0089>’<—1 0 )’

[t is to see he definition that if A is or-
thogonal, then

A = | A A] = | AP =1
S0
Al=1 or |A|=-1

or -1 or -1
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or -1

or -1


Q1: If A is orthogonal, what about A’?

Q2: If A and B are both orthogonal, what
about AB?

Q3: If A is orthogonal, what about —A?
Q4: Please to check:

0 —1 sinf cos6
1 0 "\ —cosf sinf
We have several conclusions:

(1) There is an orthogonal matrix, so is it’s trans-
pose.

(2) The product of orthogonal matrices is also
an orthogonal matrix.

(3) There is an orthogonal matrix, so is it’s neg-
ative.

(4) If we interchange any two rows or two columns
in an orthogonal matrix, we still get another
orthogonal one either.

Q:

Find the eigenvectors of symmetric matrix
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1 -2 0]
A= -2 2 -9
0 —2 3

and to check X! X, where i = 1,2,3, j =
1,2,3 and 7 # J.

Definition 4.12. If o/ 5 = 0, then we say «
and S are orthogonal.

Check Au-v = u-A'v where A is n X n matrix,
uw and v are n X 1 column vectors.

For example,

1 —2 3] = =i
A=12 4 1l,u=|2],o=1]0
-1 0 1] 4 5
Then,
1 —2 3] [=1] [ 7]
Au= |2 4 1 2 | =110
-1 0 1| |4 5
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1 2 —1] [=2 =d
Alv=1-24 0 0| =14
31 1|5 |—1]

We obtain

Auv-v=11,u-Alv =11

Theorem 4.13. The eigenvectors of a real
symmetric matriz assoctated with distinct eigen-
values are orthogonal etgenvectors.

Proof: Let v1 and vy be eigenvectors correspond-
ing to distinct eigenvalues A1 and A9 of the ma-
trix A. We want to show vy - v9 = 0.

A’Ul V9 — Vg - AT?JQ =1 - AUQ

Certainly,

)\1711 * Uy = U1')\27J2

Simplify it,

()\1 — )\2)(?]1 . ’UQ) =0
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But Ay — Ay # 0, since A and \y were assumed
distinct. It follows vy - v9 = 0.

Theorem 4.14. Suppose that a matriz A s
real symmetric matrixz, then there exists an
orthogonal matriz Q such that Q1AQ is a
diagonal matrix.
Example 4.15. Find an orthogonal matrix P
that diagonalizes

(1 —2 0|
A= 1|-2 2 =2
0 -2 3]
Solution:
A—1 2 0
fAO)=AE—-Al=| 2 X=2 2 |=0
0 2 A—3

We have \; = —1, Ay = 2 and A3 = 5.

When Ay = —1, (—F — A)X = 0, we have
ar = (2,2, 1)1

When Ay =2, (2F — A)X = 0, we have ag =
(2, -1, -2)%.
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When A3 =5, (bF — A)X = 0, we have ag =
(1,-2,2)L.

It very easy to check aq, as and ag are orthog-
onal vectors.

Orthogonalize and normalize:

Now to normalize we get

B = Ly = (2/3,2/3,1/3)T

B = s = (2/3,~1/3,~2/3)",
B = rhras = (1/3,2/3,2/3)7.

|3
Let

(2/3 2/3  1/3 ]
Q= (B1,02,03) = |2/3 —1/3 =2/3
1/3 —2/3 2/3

—1 0 0]

then Q'AQ =QTAQ =0 20

0 05]

We know in Example 4.13 o; = (2,2,1)!,
as = (2,—1,-2)" and a3 = (1,-2,2)! are
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orthogonal vectors, are they linearly dependent
or linearly independent?

Theorem 4.16. Suppose o, . . ., oy, are n nonzero
patrwise orthogonal vectors. Then aq, ..., a,
are linearly independent.

Can you find an orthogonal matrix to diagonal-
ize the matrix?

4 2 2
A= 1242
12 2 4]
For example,
(1] (1] 1]
oz—l a—Oandcv— U are not
0 0 1

orthogonal, can you use linear combinations of
vector aq, ag, ag to find 3 pairwise orthogonal
unit vectors?

1. We can take 8; = o, and we want to find
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(35 which is orthogonal to 3y in the linear
combination B1(ay) and as (B2 is indicated
by a; and aw).

We can suppose
B2 = kf1 + g (1)

then

B2 =kpBi B1+ B ax = 0.
Since 1 # 0, we get

_51T a2

Bi B
(Substituting it in the right hand side of (1)
and you can check 8 and 3y are orthogo-
nal.)

L —

. We look for 3 in the linear combinations of
51, Ba, (.
Suppose

Bs = k181 + ka2 + (2)
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From
Bl Bs = ki3i Br + ko3 Bo + Bi a3 = 0,
B3 By = k133 By + ko33 Bo + B3 a3 = 0,

We get
by = _5;043’]{2 _ _52;04;
51 51 52 52
(Substituting it in the right hand side of (2)
and you can check (3 is orthogonal to (;
and 52)

The process of finding the nonzero pairwise or-
thogonal vectors 31, 89, 83 from the linear com-
binations of linear independent vectors o, oo, ag
is known as orthogonalizing vectors ay, o, 3.

Please find (1, 85, 3 in example.

Solution:

6{61 — (17 17 O: O)

o O~
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ﬁifOQ — (17 ]-7 07 O)

O O
|
—_

We have
T
1
k= k= _5}()‘2 I
Bi Bi 2
and hence
_ 1/ i}
1 —1/2
Ba = —551 + Q= 1/
- 0 —

then let 03 = k151 + kofBs + 3. As

Blasg 1
Ip 2

Bias 1

by = _
: 1By 3

7k2:_

We have
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B

Next we normalize (31, 8, 83, obtaining the pair-
wise orthogonal unit vectors

1

1

1 1
551 =+ gﬂz + Q3 =

oy
1/3
1/3

1

1

517 527
Y Y. R

1.e.

)

Example 4.17. Using orthogonal matrix re-

duce

T

1/v/2
0

0

VT

—1/4/6
2/v/6
0
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0 1 1 —1
1 0 —1 1
A_1—1o1
-1 1 1 0

into a diagonal matrix.

Solution:

Since [NE — A| = (A —1)>(A+3), A has eigen-
values A\ = 3, and Ay = A3 = Ay = 1.

Solveing (—=3E—A)X = 0, we obtain the eigen-

vectors ay = which is orthogonal to

O = O

. Q3 and

O O =
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12
—1/2
—1/2

| 1/2

Orthogonalizing and normalizing, in previous

example, we have

We get (81 =

after normalizing it.

(1/v/2] [ 1/V6 ] —1/2v/3
8, = 1/4/2 5, = ~1/V6 5, — —1/2v/3
oo |7 2ve | | 1/2v3
0 0 V3/2

Thus A is similar to

QTAQ = O

where
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—1/2
| 1/2

4.4 Quadratic Forms

2/v/6

0

Q: Please do the the product

(371, X2, 55'3)

N0 = O

| DO N =
Do

1

2

_3
2

0

1/2 1/v/2 1/v/6 —1/2v/3
—1/2 1/v/2 —=1/4/6 1/2V/3
1/2v/3
V3/2

Certainly, we can give f(x1,x9,x3) = x129 +
7123+275— 37923 new name which is quadratic
form in two variables.

In Q, suppose x! = (z1, 79, 23), A =

then we have

f(x) = x' Ax
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Obviously, A is a symmetric matrix.

In general, a quadratic form in n variables can

be written as

9
flxy, ..., x,) = ap1x]+a1221T2+ - - - +a1,21%,

2
+a91T9x1 + Q2275 + + + - + A2, T2Ty,

_|_ ......
2
+an1xn$1 + An2Lno + -+ Apnd,,
If we suppose X = (z1,Z9,...,2,)", by the
product of matrices
air a2 A1n L1
T a1 a22 A2n, L2
XAX:<x1,x2,---7$n> . . : :
_anl an2 ann_ _:Cn

2
= a11x] + a12T1T2 + + + - + A1,T1Ty,

2
+a91T9x1 + Q2275 + + + - + A2, T2Ty,

—|—CLn133n331 + Ap2XnX2 + e+ Apnd,,
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If ajj = aj;, (1,5 =1,2,3,--- ,n)(or AT = A),
then

T 2
X Ax = a11T] + 2a191T9 + - - - + 201,71y

+a20T5 + - - - + 209,227,

+a7m:1:72,b
If we have f(x,y,z) = 2%+ 2y* + 52% + 2xy +
6yz + 2zx, then it is quadratic form in three
variables.

Can you write it into the form f(x,y,z) =
T
(z,y,2)A |y |, what’s A here?
2

Conclusion 1:

Quadratic Form — Symmetric Matrix
Practice:

Please give the matrix from the following quadratic
form:

(1)x — 2m129 + 31173 — 205 + 8x973 + 305
(2)x129 — 2173 + 27973 + T
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Conclusion 2:
Symmetric Matrix — Quadratic Form
Practice:

Please give the quadratic form the following ma-
trix from:

1 —1 =3 1
-1 0 -2 14
A= 2
372 3 )
Lo =5 0

Fixercise:
Write the following quadratic form into X? AX .
(1)22% + 3y* + 2° + 2y — 222 + 3y=

(2)x% + 225 + 25 + w129 — 27173 + 3T973

Definition 4.18. When a real quadratic form
f = X'AX is positive definite, negative def-
inite, or indefinite, the real symmetric matrix
A is called a positive definite matriz, a neg-
ative definite matrix, or an indefinite matriz
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respectively.

Theorem 4.19. A real quadratic form
flzy, - ,x,) = X'AX

15 positive definite, if and only if the prin-
cipal minors of the matriz A = (a;;) in the
upper left corner are all positive, that is,

ail a2
A1:a11>0,A2: > (),
a21 Q22
ail ai2 Aais aip -+ Qin
Az = a1 axp axg| >0, A, = |-
as; azz Aa33 Anpi1 *+° Qpp

For example,
Matrix

(11 1]
A=1123
13 6]

is a positive definite matrix.

Because
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A1:1>O,A2:H ;‘:1>0,A3:

—_ = =
W N
S W

=1>0

Theorem 4.20. f is negative definite if and
only if all the principal minors of its ma-
triz A whose orders are odd numbers are less
than zero and all the principal minors of A
whose orders are even numbers are greater

than zero.
Al =ap < O,AQ =
ail aiz2 4ais

As = |(GQ21 G922 Q23
asp aszz ass

(>0 for n is even) (< 0 forn is odd).

For example,

Matrix

<()7...
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ail a2
a21 Q22

> 0,

a’]_l )

A=

anl o o




A=|2 —6 0

is a negative matrix because

A, = =5, Ay = 26, A3 = —80

For matrix

0 1
A=11 0 -3
1 -3 0

[t 1s indefinite matrix as a;; = 0.

Exercise:

Please go back to determine the quadratic forms
on page 135 and 136 positive definite, negative
definite or indefinite?
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